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Abstract
It is proved that if f ′ ∈ H1 , then
∫
T
∣∣f(ζη)− f(ζη)∣∣
|1− ζ|
dm(ζ) =
1
pi
pi∫
0
∣∣f(ei(θ+t))− f(ei(θ−t))∣∣
2 sin(t\2)
≤ pi
∥∥f ′∥∥
H1
, η = eiθ.
1 Introduction
Let A be the class of all functions analytic in the unit disc D = {ζ : |ζ | < 1} ,
m(ζ) - normalized Lebesgue measure on the circle T = {ζ : |ζ | = 1} . Let
Hp (1 ≤ p ≤ ∞) is the space of all functions analytic in D and satisfying
‖f‖Hp = sup
0≤ r< 1
(∫
T
|f(rζ)|p dm(ζ)
)1/p
<∞, 1 ≤ p <∞,
‖f‖H∞ = sup
z∈D
|f(z)| <∞, p =∞.
For f ∈ A, f ′ ∈ H1 it follows the Hardy inequality [1, 104-105]:∑
k≥1
∣∣∣fˆ(k)∣∣∣ ≤ pi ‖f ′‖H1 .
In this paper we shall prove an inequality - integrated analogue of the
Hardy inequality and as the application we shall give simplified proof of the
theorem of S. A. Vinogradov for the bounded Toeplitz operators on H∞ [2].
0Mathematics Subject Classification: Primary 30D55, 30A10.
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2 Main results
Theorem 1. If f ∈ A and f ′ ∈ H1 then
∫
T
∣∣f(ζη)− f(ζη)∣∣
|1− ζ |
dm(ζ) ≤ pi ‖f ′‖H1 , η ∈ T.
Proof. Let f ′ ∈ H1, η ∈ T. Then∫
T
∣∣f(ζη)− f(ζη)∣∣
|1− ζ |
dm(ζ) ≤ lim
r→1−0
∫
T
∣∣f(rζη)− f(rζη)∣∣
|1− ζ |
dm(ζ) . (1)
Since f ′ ∈ H1, integrating in parts and applying the Cauchy theorem, we
obtain
1
2pii
∫
T
f ′(ξ) ln |1− ξz|2 dξ =
1
2pii
∫
T
f ′(ξ) ln( 1− ξz )dξ + 1
2pii
∫
T
f ′(ξ) ln( 1− ξz )dξ =
1
2pii
∫
T
f ′(ξ) ln( 1− ξz )dξ + 1
2pii
∫
T
f ′(ξ) ln( ξ − z )dξ − 1
2pii
∫
T
f ′(ξ) ln ξ dξ =
1
2pii
∫
T
f(ξ)( z
1−ξz
− 1
ξ−z
+ 1
ξ
) dξ = f(0)− f(z) ⇒
f(z) = f(0)−
1
2pii
∫
T
f ′(ξ) ln |1− ξz|2 dξ.
Using last equality for f(zη) :
f(zη) = f(0)−
1
2pii
∫
T
f ′(ξη) ln |1− ξz|2 dξ,
we shall have
∣∣f(rζη)− f(rζη)∣∣ =
∣∣∣∣∣ 12pii
∫
T
f ′(ξη) ln
∣∣∣∣1− ξrζ1− ξrζ
∣∣∣∣
2
dξ
∣∣∣∣∣ ≤
≤
∫
T
|f ′(ξη)|
∣∣∣∣∣ln
∣∣∣∣1− ξrζ1− ξrζ
∣∣∣∣
2
∣∣∣∣∣ dm(ξ) =
=
∫
T
|f ′(ξη)|
∣∣∣∣∣ln (1 − r)
2 + r |1− ξζ |2
(1− r)2 + r
∣∣1− ξζ∣∣2
∣∣∣∣∣ dm(ξ) ≤
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≤
∫
T
|f ′(ξη)|
∣∣∣∣∣ln
∣∣∣∣1− ξζ1− ξζ
∣∣∣∣
2
∣∣∣∣∣ dm(ξ).
Further from (1) follows
∫
T
∣∣f(ζη)− f(ζη)∣∣
|1− ζ |
dm(ζ) ≤ 2
∫
T
∫
T
|f ′(ξη)|
|1− ζ |
∣∣∣∣ln
∣∣∣∣1− ξζ1− ξζ
∣∣∣∣
∣∣∣∣ dm(ξ)dm(ζ) ≤
≤ ‖f ′‖H1 sup
{
2
∫
T
∣∣∣∣ln
∣∣∣∣1− ξζ1− ξζ
∣∣∣∣
∣∣∣∣ dm(ζ)|1− ζ | : ξ ∈ T
}
.
For end the proof is necessary only to estimate the integral
I(ξ) = 2
∫
T
∣∣∣∣ln
∣∣∣∣1− ξζ1− ξζ
∣∣∣∣
∣∣∣∣ dm(ζ)|1− ζ | , ξ ∈ T .
We have
I(eiθ) = 2 .
1
2pi
pi∫
−pi
∣∣∣∣ln
∣∣∣∣1− ei(θ+t)1− ei(θ−t)
∣∣∣∣
∣∣∣∣ dt|1− eit| =
=
1
pi
pi∫
0
∣∣∣∣ln
∣∣∣∣sin((θ + t)/2)sin((θ − t)/2)
∣∣∣∣
∣∣∣∣ dtsin(t/2) =
=
1
pi
pi∫
0
∣∣∣∣ln
∣∣∣∣ tg(θ/2) + tg(t/2)tg(θ/2)− tg(t/2)
∣∣∣∣
∣∣∣∣ dtsin(t/2) = 2pi
∞∫
0
∣∣∣∣ln
∣∣∣∣ tg(θ/2) + ytg(θ/2)− y
∣∣∣∣
∣∣∣∣ dyy√1 + y2 ≤
2
pi
∞∫
0
∣∣∣∣ln
∣∣∣∣ tg(θ/2) + ytg(θ/2)− y
∣∣∣∣
∣∣∣∣ dyy ≤ 2pi
∞∫
0
∣∣∣∣ln
∣∣∣∣1 + x1− x
∣∣∣∣
∣∣∣∣ dxx = 2pi
1∫
0
ln
(
1 + x
1− x
)
dx
x
= pi.
Application of Theorem 1.
For f ∈ H1 we denote by Tf the Toeplitz operator on H
∞ , defined by
Tfh =
∫
T
f(ζ)h(ζ)
1− ζz
dm(ζ), h ∈ H∞.
In [2] S. A. Vinogradov proves that if f ′ ∈ H1 , then the Toeplitz operator
Tf is bounded on H
∞ .
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As the application of Theorem 1 we shall give a simplified proof of the
theorem of S. A. Vinogradov and estimation for ‖Tf‖H∞ .
Theorem 2. If f ∈ A and f ′ ∈ H1 then
‖Tf‖H∞ ≤ ‖f‖H∞ + pi ‖f
′‖H1 .
Proof.
‖Tf‖H∞ = sup
{
lim
r→1−0
∣∣∣∣
∫
T
f(ζ)h(ζ)
1− ζrη
dm(ζ)
∣∣∣∣ : η ∈ T, ‖h‖H∞ ≤ 1
}
=
= sup
{
lim
r→1−0
∣∣∣∣
∫
T
f(ζη)h(ζη)
1− rζ
dm(ζ)
∣∣∣∣ : η ∈ T, ‖h‖H∞ ≤ 1
}
≤
≤ sup
{
lim
r→1−0
∣∣∣∣
∫
T
f(ζη)− f(ζη)
1− rζ
h(ζη)dm(ζ)
∣∣∣∣ : η ∈ T, ‖h‖H∞ ≤ 1
}
+ ‖f‖H∞ .
We used, that g(z) = f(zη) ∈ H∞ and∣∣∣∣
∫
T
f(ζη)h(ζη)
1− rζ
dm(ζ)
∣∣∣∣ ≤ ‖f‖H∞ ‖h‖H∞ .
Further from Theorem 1 follows
‖Tf‖H∞ ≤ sup
{∣∣∣∣∣
∫
T
∣∣f(ζη)− f(ζη)∣∣
|1− ζ |
dm(ς)
∣∣∣∣∣ : η ∈ T
}
+ ‖f‖H∞ ≤
≤ pi ‖f ′‖H1 + ‖f‖H∞ .
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